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Abstract: We present a detailed study of the exclusive radiative decays Z ! (0) em-
ploying the QCD factorization approach. We derive a factorization formula for the decay
amplitudes valid at leading power in an expansion in (QCD=mZ)
2, which includes convolu-
tions of calculable hard-scattering kernels with the leading-twist quark and gluon light-cone
distribution amplitudes of the mesons. Large logarithms arising in the evolution from the
high scale mZ down to hadronic scales are resummed using the renormalization group,
carefully accounting for the eects of the heavy bottom and charm quarks. Our results
for the branching ratios are very sensitive to hadronic input parameters, such as the decay
constants and mixing angle characterizing the  0 system. Using the most recent esti-
mates of these parameters, we obtain the branching ratios Br(Z ! )  1:6  10 10 and
Br(Z ! 0)  4:7  10 9. A measurement of these processes at a future high-luminosity
Z factory could provide interesting information on the gluon distribution amplitude.
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1 Introduction
Exclusive decay processes involving individual hadrons in the nal state pose a formidable
challenge to theoretical physics, because the complicated strong-interaction physics de-
scribing hadronic bound states cannot be described using perturbative methods. For the
case of hard exclusive processes the QCD factorization approach [1{5] provides a system-
atic framework for factorizing calculable short-distance eects associated with high energy
scales from hadronic dynamics, which is described in terms of light-cone distribution am-
plitudes (LCDAs) of individual hadrons. This approach has been applied successfully for
dierent processes, such as meson form factors at large momentum transfer (see [6, 7]
for recent discussions) and hadronic weak decays of heavy B mesons [8{10]. In previous
work, we have studied the exclusive radiative decays of Z !M and W !M into nal
states containing a single meson M as an ideal testing ground for the QCD factorization
approach, arguing that power corrections to the factorized amplitudes are suppressed by
(QCD=mZ;W )
2 and are thus bound to be very small [11]. By including higher-order QCD
corrections in the short-distance coecients and solving their renormalization-group (RG)








, where 0  1 GeV is
a typical hadronic scale, can be resummed to all orders of perturbation theory. Applying
the same formalism to the exclusive radiative Higgs-boson decays h ! V , where V is a
vector meson, provides access to the Yukawa couplings of the Higgs boson to light quark
avors and thus serves as a powerful probe of physics beyond the Standard Model [11{14].
When studying the decays Z ! M in [11] one set of processes was left out, namely
those where the nal state pseudoscalar meson M = P has a avor-singlet component in its
wave function. An important complication in this case lies in the fact that there exists a new





























Figure 1. Some Feynman diagrams contributing to the radiative decays Z ! M. The meson
bound state is represented by the gray blob.
is formed from two collinear gluons instead of a quark-antiquark pair. The existence of this
contribution not only gives rise to a more complicated form of the factorization formula
but also inuences the RG equations satised by the short-distance coecients [15{18]. In
this paper we present a detailed analysis of the decays Z ! (0) in the context of QCD
factorization, treating avor mixing in the Feldmann-Kroll-Stech (FKS) scheme [19, 20]
and carefully accounting for the decoupling of the heavy bottom and charm quarks in the
evolution from the high-energy scale mZ down to low energies.
2 Theoretical framework
In previous work the QCD factorization formula for exclusive radiative decays Z ! M
was derived for the case of avor-nonsinglet pseudoscalar or vector mesons M = P or V ,
which are produced via a quark-antiquark pair [11]. Representative Feynman diagrams
contributing at leading and next-to-leading order (NLO) are shown in gure 1. For a pseu-
doscalar meson in the nal state, the decay amplitude can be written in the general form






k  q FP ; (2.1)
where k and q denote the meson and photon momenta, e and g are the electromagnetic and
weak coupling constants, and W is the weak mixing angle. A second form factor, which is
allowed by Lorentz invariance, vanishes since the nal-state meson P is an eigenstate of the
charge-conjugation operator. At leading order in an expansion in powers of (QCD=mZ)
2,








dxHq(x; )0(x; ) ; (2.2)
where f0  130 MeV is the decay constant of the pion and 0(x; ) is its leading-twist




3   Qq sin2 W are the electric and weak vector charges of a











+ (x! 1  x) ; (2.3)
where CF = 4=3 is a color factor, and [21]
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The convolution integral of the hard-scattering kernel with the LCDA in (2.2) is indepen-
dent of the choice of the factorization scale . The Z ! 0 branching ratio turns out
to be strongly suppressed, Br(Z ! 0) = (9:80  1:03)  10 12 [11], because the relevant
combination of quark charges
Quvu  Qdvd = 1  4 sin
2 W
12
 6:2  10 3 (2.5)
is numerically very small. We use sin2 W = 0:23126(5) as extracted from the neutral-
current couplings of the Z boson [22]. It is thus more promising to search for the decays
Z ! (0). Two complications arise in this case. First, the physical  and 0 mesons are
complicated mixtures of quark-antiquark states with dierent avor. Second, and more pro-
foundly, the avor-singlet quark-antiquark state mixes with a pure gluon state under renor-
malization, and indeed the  and 0 mesons can also be produced via a two-gluon LCDA.
2.1 Factorization in the presence of avor-singlet contributions
The Z ! P decay amplitudes, where P = 0; ; 0; : : : denotes a neutral pseudoscalar
meson, can be calculated from rst principles using the QCD factorization approach [1{5],
because the energy E released to the nal-state meson is much larger than the scale of
long-distance hadronic physics. At leading power in an expansion in  = QCD=mZ , the
form factors FP can be written as convolutions of calculable hard-scattering coecients
with leading-twist LCDAs of the meson P . To derive the corresponding factorization
formula we employ the formalism of soft-collinear eective theory (SCET) [23{26], which
provides a systematic expansion of decay amplitudes in powers of . For the purposes of
this discussion we work in the rest frame of the decaying Z boson and assign momenta
k = En and q = En to the meson and photon, respectively, where E = mZ=2, while
n = (1; 0; 0; 1) and n = (1; 0; 0; 1) are two light-like vectors. Up to power corrections of
order (mP =mZ)
2 the meson mass can be set to zero. The light nal-state meson moving
along the direction n can be described in terms of collinear quark, antiquark and gluon
elds. These particles carry collinear momenta pc that are approximately aligned with
the direction n. Their components scale like (n  pc; n  pc; p?c )  E(2; 1; ). Note that
p2c  2QCD, as appropriate for an exclusive hadronic state. The collinear quark and gluon




W yc q ; Ac? = W yc (iDc?Wc) ; (2.6)
where iDc = i@ + gsA

c denotes the covariant collinear derivative, and Wc is a collinear
Wilson line extending from the location of the eld to innity along the direction n. Both
elds are of O() in SCET power counting, while other components of the gluon eld are
of higher order. Adding more component elds to an operator thus always leads to further
power suppression in . At leading order, the operators with a non-zero matrix element
between the vacuum and a single meson state are thus bilinears of the form Xc : : : Xc and

















Since the eective collinear elds are gauge invariant by themselves, composite opera-
tors built out of these elds can be non-local along the light-like direction n without leading
to any power suppression [23{28]. The matrix elements of the bilocal quark-antiquark oper-
ators between a meson state and the vacuum can be parameterized in terms of the leading-
twist quark LCDA. Specically, one denes the avor-specic quark-antiquark LCDAs
hP (k)j Xc(tn) /n5Xc(0)j0i = hP (k)j q(tn) /n5 [tn; 0] q(0)j0i
=  in  k f qP ()
Z 1
0
dx eixtnk qP (x; ) ;
(2.7)
where [tn; 0] = Wc(tn)W
y
c (0) is a Wilson line extending from 0 to the point tn, and q can




P (x; ) = 1. The
avor-specic decay constants f qP entering in (2.7) are dened in terms of the local matrix
elements
hP (k)j q 5q j0i =  if qP () k : (2.8)
Note that, due to the axial anomaly, the avor-diagonal axial currents are not conserved. As
a consequence the decay constants f qP () are scale-dependent quantities with an anomalous
dimension that starts at two-loop order [29].
For the matrix element of the bilocal two-gluon current we dene
1
g2s






P (x; ) ; (2.9)
where TF = 1=2, 
?
 (n  n) =  nn , and we use the convention that 0123 = +1.
The trace in this expression acts in color space. The normalization to the avor-singlet
sum of the light-avor decay constants, fudsP  fuP + fdP + f sP , is chosen for convenience.
C-parity requires that gP (x; ) is odd under x $ (1   x) and hence its normalization










(z + sn) ; (2.10)
it is straightforward to show that (2.9) is equivalent to the more conventional denition [30]1
hP (k)j nn G;A(tn) [tn; 0]AB ~GB (0)j0i = (n  k)2 fudsP ()
Z 1
0
dx eitxnk gP (x; ) ; (2.11)
where ~G = 12
 G is the dual eld-strength tensor, and [tn; 0]AB denotes a Wilson
line in the adjoint representation of the gauge group. The gauge-invariant bilocal matrix
elements in (2.7) and (2.9) can be multiplied by functions of the coordinate t. After Fourier
transformation to momentum space, these function become the hard-scattering kernels.
The diagrams in gure 1 produce all nf active quark avors with an amplitude pro-
portional to Qqvq. This feature remains true when QCD corrections are included. We can
1Our distribution amplitude gP is equal to CF =6 times the function 
(g)
M dened in (18) of [31],  
p
CF =12
times the function Pg dened in (A.10) of [32], and  CF =6 times the LCDA assumed in sections 3 and 4























Figure 2. Representative one-loop diagrams contributing to the Z ! (0) decay amplitudes, in
which the nal-state meson is produced via the leading-twist gluon LCDA. Other four diagrams
arise from permutations of the gluon and photon legs.
nf Q(nf )S Up-type quarks Down-type quarks





















Table 1. Flavor-number dependent coecients entering the factorization formula (2.12).
decompose the result into a avor-singlet and a avor-nonsinglet contribution. In addition,
at NLO in s there exist diagrams of the form shown in gure 2, in which the meson P
is produced via a two-gluon state. In these graphs all possible quark avors including the
top quark contribute in the loop. At a high matching scale   mZ the heavy-particle
scales mt and mZ are integrated out and absorbed into short-distance coecient functions.






























P (x; ) ;
(2.12)
where nf = 5 is the number of active quark avors in the eective theory below the scale













The terms in the rst line in (2.12) correspond to the avor-singlet contributions to the
form factors, involving both quark and gluon LCDAs. The terms in the second line are




q = 0. In table 1 we collect the
relevant coecients for dierent numbers of active avors. We will discuss in section 2.2
how (2.12) is evolved down to a low value 0 = 1 GeV of the factorization scale. In this
process the heavy bottom and charm quarks are integrated out, and the factorization
formula must be matched onto an analogous formula in a low-energy eective theories with
nf = 3 active avors.
In order to compute the hard-scattering kernels in (2.12) at NLO in perturbation



















q (x; ), and those shown in gure 2 for Hg(x; ), using dimensional regularization with
d = 4 2 space-time dimensions and working in the MS scheme. In practice, one evaluates
these diagrams with on-shell external quark and gluon states carrying momenta xk and
(1  x)k, and then applies projections onto the meson LCDAs. The relevant projections
for the quark LCDAs have been discussed in [11]. For the gluon case one computes the
partonic amplitude in the form Apart = A(x; ) "A (xk) "B ((1   x)k), where A;B are
color indices. The corresponding hadronic amplitude is then obtained by stripping o the








x(1  x) : (2.14)
The individual loop graphs contain divergences. The ultraviolet divergences cancel in the
sum of all diagrams, while infrared divergences are subtracted when we renormalize the
meson LCDAs (including a nite renormalization of the axial current). For the avor-
nonsinglet case this has been discussed in detail in [11]. In the avor-singlet case one needs









P (x) into a two-component vector
 !
fP (x), we can express the bare





dyZ 1f (x; y; )
 !
fP (y; ) ; (2.15)
where the matrix Zf(x; y; ) of renormalization factors is given by
Zf(x; y; ) = (x  y) + s()
4
 
Vqq(x; y) Vqg(x; y)
Vgq(x; y) Vgg(x; y)
!
+O(2s) : (2.16)
Explicit expressions for the kernel functions Vij(x; y) were obtained in [15{18] and are
collected in appendix A. From these equations the counterterms required to cancel the IR
divergences in the bare hard-scattering coecients are derived. At NLO in s (but not
beyond), the avor-singlet hard-scattering kernel HSq (x; ) is given by the same expression








htg(x)  (x! 1  x)
#
+O(2s) ; (2.17)
where the rst term accounts for the contributions of the nf = 5 light quark avors, while
the second term describes the contribution of the heavy top quark. We obtain

























(1  2x) +O(r5t ) ;
(2.18)




t . The function hg agrees with the corresponding kernel for the 
 ! gg
scattering amplitude calculated in [32]. The function htg can be derived from the expres-

















We nd that the top-quark contribution is extremely small and can be neglected for all
practical purposes.
It will be convenient to transform the factorization formula (2.12) from momentum
space to Gegenbauer moment space, as this turns the convolution integrals into simple
sums. To this end one expands the meson LCDAs into Gegenbauer polynomials, such that2
















n 1 (2x  1) :
(2.19)
C-parity implies that the quark LCDA is an even function under x $ (1   x), while
the gluon LCDA is odd. When the Gegenbauer expansions are used, the factorization
































where the sums run over even integers n = 0; 2; 4; : : : , and we dene aP;q0  1 and bP0  0.
C
(S)
n () are the moment-space representations of the hard-scattering kernels H
(S)
q (x; ),
while Dn() is the moment-space expression for the gluon kernel Hg(x; ). Note that we
have extracted an overall factor 6 for convenience. These coecients can be calculated
using a technique described in [11]. At one-loop order we obtain
C(S)n () = 1 +
CFs()
4
























































k are the harmonic numbers. The coecients Cn() and C
S
n () start
to dier from two-loop order on.
2Our Gegenbauer moments bPn are equal to
2
9
times the Gegenbauer moments c
(g)
n;M used in [31], and
  1
135
times the Gegenbauer moments BgPn and a
g

















2.2 Renormalization-group evolution and resummation
Due to the large energy released to the nal-state particles, the Z ! P decay amplitudes
receive contributions from quantum uctuations with virtualities ranging from the high
scale mZ down to the hadronic scale 0  1 GeV characteristic for light mesons. Phe-
nomenological input for the decay constants f qP () and the meson LCDAs 
q
P (x; ) and
gP (x; ) is usually provided at such a low scale. The enormous scale hierarchy gives rise








in the expressions for the hard-scattering
kernels | see e.g. (2.22) | which need to be resummed to all orders of perturbation
theory. A subtlety is that the appropriate eective theory at dierent scales  between
mZ and 0 contains dierent number of active quark avors. At the high scale Z  mZ
the appropriate eective theory contains nf = 5 active avors, which up to corrections of
order (m2q=m
2
Z) can be treated as massless. When the factorization scale is lowered below
the threshold of the b-quark mass one must match relation (2.20) onto a corresponding
expression in an eective theory containing nf = 4 light avors. The avor-singlet and
avor-nonsinglet contributions need to be rearranged in this step in order to account for
the change in the coecients collected in table 1. At the same time, the contribution from
the b-quark stops running below b  mb and hence it needs to be evaluated at that scale.
A similar procedure takes place when crossing the charm threshold at a scale c  mc. The















































Numerical estimates of the hadronic input parameters | the various decay constants and
Gegenbauer moments | will be provided in section 2.3.
The scale evolution of the hard-scattering coecients C
(S)
n () and Dn(), and of the
decay constants and LCDAs, is controlled by RG evolution equations. The terms shown in
the rst and second line in the factorization formula (2.12) are separately scale independent.
However, in the rst line there is a non-trivial mixing between the quark- and gluon-










fP (y; ) ; (2.24)
where the anomalous-dimension matrix is given by









Vqq(x; y) Vqg(x; y)





f is the coecient of the 1= pole in the matrix Zf. The eigenfunctions

















rank 3/2 and 5/2, as used in (2.19). At one-loop order the RG equation (2.24) thus implies






























4Hn+1   3  2
(n+ 1)(n+ 2)
















3 CA   43 TFnf with CA = 3 is the rst coecient of the QCD -function. The
corresponding evolution equation for avor-nonsinglet combinations of the Gegenbauer
moments of quark LCDAs is multiplicative and governed by the anomalous-dimension
coecients qqn . The solution of equation (2.26) is discussed in appendix A. One nds that
both eigenvalues of the moment-space anomalous-dimension matrix are positive and grow
logarithmically at large n, and the same holds for the coecients qqn . It follows that all
Gegenbauer moments vanish for asymptotically large values of the renormalization scale,
aP;qn ()! 0 and bPn ()! 0 for !1, irrespective of their values at a low hadronic scale.




P (x; ) = 6x(1  x) ; lim!1 
g
P (x; ) = 0 : (2.28)
The high value of the hard matching scale   mZ in Z ! P decays ensures that one
is rather close to the asymptotic limit [11], and this fact reduces the sensitivity of our
predictions to the Gegenbauer moments of the LCDAs, which are currently not known
with good accuracy.
RG invariance of the form factors in (2.20) implies that the avor-singlet hard-
















= 0 : (2.29)
The avor-nonsinglet coecients Cn() obeys an analogous equation without mixing, in
which the anomalous-dimension matrix is replaced by the coecients qqn . The solution to









; Cn(1) = Un(1; 2)Cn(2) : (2.30)
Explicit expressions for the evolution functions USn (1; 2) and Un(1; 2) are collected
in appendix A. We use (2.30) to perform the evolution of the Wilson coecients in the

















coecient functions at a high scale Z  mZ from (2.21). Notice that these relations are
free of large logarithms at this scale. We then evolve the coecients to a matching scale
b  mb using (2.30) and evaluating the evolution functions with nf = 5 active quark
avors. At the scale b the b quark is integrated out from the eective theory, and in this
process we need to perform a careful matching of the coecients in the 5-avor and 4-avor

















































We then continue to run the coecients down to a matching scale c using (2.30) with
evolution functions corresponding to nf = 4 active quark avors. At the scale c the charm

















































Finally, we run the coecients down to the low-energy scale 0 using (2.30) with evolution
functions corresponding to nf = 3 active quark avors. The values we obtain for the Wilson
coecients of the rst few Gegenbauer moments at the scale 0 = 1 GeV are collected in
table 2. Two points are worth mentioning. First, for n  2 the coecients Dn of the gluon
LCDA are of the same magnitude as those of the quark LCDAs, which is remarkable given
that the former ones start at O(s), whereas the latter ones start at tree level. Second,
we observe that the dierences between the avor-singlet coecients CSn and the avor-
nonsinglet coecients Cn are numerically very small. This shows that the mixing of quark
and gluon LCDAs under RG evolution is a small eect.
Beyond one-loop order the solution of the RG equation (2.26) takes a much more com-
plicated form, since Gegenbauer moments of dierent rank mix under renormalization. The
corresponding expressions for the singlet and nonsinglet cases can be derived from [34, 35]
and are collected in the appendix of [31]. A dedicated study of NLO evolution eects for
the case of exclusive radiative Higgs-boson decays has been performed in [14]. It turns
out these eects have only a modest impact on our results. For example, the values of the
nonsinglet coecients Cn(0) shown in table 2 are reduced by factors of 1, 0.93, 0.92, 0.91
for n = 0; 2; 4; 6 when NLO evolution eects are taken into account. The most important

















n 0 2 4 6
CSn (0) 0:937 0:413 + 0:063i 0:291 + 0:061i 0:233 + 0:055i
Cn(0) 0:937 0:409 + 0:064i 0:290 + 0:061i 0:232 + 0:055i
Cbn(b) 0:937 0:658 + 0:101i 0:579 + 0:121i 0:535 + 0:127i
Ccn(c) 0:937 0:464 + 0:071i 0:346 + 0:072i 0:287 + 0:068i
Dn(0) 0 0:430 + 0:024i 0:265 + 0:043i 0:192 + 0:040i
Table 2. Short-distance coecients entering the factorization formula (2.23) evaluated at the low
scale 0 = 1 GeV. We use Z = mZ , as well as b = mb = 4:163 GeV and c = mc = 1:279 GeV
for the heavy-avor thresholds.
axial current, which starts at two-loop order [29]. As a result, when NLO evolution eects
are included the value of the leading singlet coecient CS0 (0) diers from the value given
in table 2 by the factor

















 0:89 : (2.33)
Given the present large uncertainties in the values of the Gegenbauer moments with n 6= 0,
it is a reasonable approximation to account for the eects of NLO evolution by treating
NLO as a global prefactor in the expressions for the form factors and otherwise use the
coecients compiled in table 2. The deviation of NLO from 1 provides a measure of the
remaining perturbative uncertainty in our predictions.
2.3 Hadronic input parameters
It remains to obtain the required hadronic input for the decay constants and Gegenbauer
moments of the  and 0 mesons. Following [30], we assume isospin symmetry of all hadronic
matrix elements, but we dierentiate between the matrix elements of operators containing
up and down quarks and those containing strange quarks. In the SU(3) avor-symmetry
limit, the pseudoscalar meson  would be a avor octet and 0 a avor singlet. However,
it is known empirically that SU(3)-breaking corrections to these assignments are large.
In the following we shall thus not rely on SU(3) avor symmetry but instead introduce
another assumption, expected to be accurate at the 10% level. In the absence of the axial
U(1) anomaly, the avor states jqi = (juui + jd di)=
p
2 and jsi = jssi mix only through
OZI-violating eects, which are known phenomenologically to be small. It is therefore
reasonable to assume that the axial anomaly is the only eect that mixes these two avor
states. This is the basis of the FKS mixing scheme [19, 20]. Since this is by assumption
the only mixing eect, the FKS scheme amounts to a scheme with a single mixing angle,













In the FKS mixing scheme, one introduces decay constants fq and fs and light-cone

















 and 0 mesons are then described as coherent superpositions of these states. It follows












sin' ; f s0 = fs cos' :
(2.35)










cos' ; f s 
s










sin' ; f s0 
s
0 = fs s cos' :
(2.36)
Moreover, in the FKS scheme one sets g(x; ) = 
g
(x; )  g(x; ) for the gluon
LCDAs [30, 31, 33]. As a consequence, the hadronic parameters characterizing the quark
and gluon LCDAs are the Gegenbauer moments aqn and asn of q and s and the Gegenbauer
moments bn of g, dened as in (2.19).
The decay constants fq, fs and the mixing angle ' in the FKS scheme have been
determined in [19, 20] from a t to experimental data, nding
fq = (1:07 0:02) f ; fs = (1:34 0:06) f ; ' = 39:3  1:0 : (2.37)
Here f = (130:4  0:2) MeV is the pion decay constant [22]. A more recent analysis
exploiting additional data but only a subset of the processes investigated in the original
paper nds [36]
fq = (1:09 0:03) f ; fs = (1:66 0:06) f ; ' = 40:7  1:4 : (2.38)
The central values of the avor-singlet decay constants fuds
(0) , which provide the normaliza-
tion for the leading contributions to the form factors in (2.23), are fuds = 42:0 MeV and
fuds0 = 260:2 MeV for the parameters in (2.37), and f
uds
 = 11:2 MeV and f
uds
0 = 295:2 MeV
when employing the parameters in (2.38). The drastic sensitivity of fuds to the choice
of FKS parameters will be reected in the spread of our predictions for the Z ! 
branching ratio.
The Gegenbauer moments of the LCDAs can be extracted using ts to data for the
 ! (0) transition form factors at dierent Q2 reported by the CLEO [37] and BaBar [38]
collaborations. The authors of [31] have assumed SU(3) avor symmetry and have chosen
the rst few Gegenbauer moments of the quark LCDAs q and s according to some
popular QCD sum-rule calculations for the pion LCDA. The rst Gegenbauer moment of
the gluon LCDA g has then been extracted from the t to the data. In this context three
benchmark models were identied, to which we refer below as models (i){(iii). In all three
cases the FKS parameters in (2.37) have been used. The authors of [33], on the contrary,
have extracted the rst Gegenbauer moments of both the quark and the gluon LCDAs
from ts to the data. Below we will consider three of their t scenarios. Model (iv) refers























4 b2 FKS pars.
(i) 0.10 0.10 0.10 0.10  0:06 (2.37)
(ii) 0.20 0.00 0.20 0.00  0:07 (2.37)
(iii) 0.25  0:10 0.25  0:10  0:06 (2.37)
(iv)  0:10  0:07  0:14 (2.37)
(v)  0:10  0:07  0:24 (2.37)
(vi)  0:09  0:02  0:08 (2.38)
Table 3. Gegenbauer moments of quark and gluon LCDAs at the scale 0 = 1 GeV in dierent
benchmark models obtained from analyses of the  ! (0) transition form factors. Models (i){(iii)
correspond to the models in table 2 of [31], while models (iv){(vi) refer to the rst, third and sixth
model in table 2 of [33].
cases the FKS parameters in (2.37) are assumed. Model (vi) corresponds to a combined t
to CLEO and BaBar data using the FKS parameters in (2.38). Table 3 collects the values
of the Gegenbauer moments in the six benchmark models, translated to our notations.
To evaluate the form factors in (2.23) we also need the decay constants f cP and f
b
P
describing the intrinsic charm and bottom contents of the  and 0 mesons. Following [30],
we estimate these parameters using relations among the FKS parameters implied by the
axial anomaly. This yields









Numerically, we obtain f c   1:2 MeV, f c0   2:9 MeV and f b   0:1 MeV, f b0 
 0:3 MeV. These values are of the same order as those obtained using similar methods
in [19, 20, 39{42]. Due to the very small eect of the intrinsic charm and bottom contribu-
tions on the form factors we only keep the leading terms with n = 0 in these contributions
and set all Gegenbauer moments aP;cn and a
P;b
n with n > 0 to zero.
3 Phenomenological predictions
We are now ready to present our numerical results. Before we quote our predictions for
the Z ! (0) branching ratios, we demonstrate the sensitivity of the form factors in (2.23)
to the choice of the FKS parameters, the decay constants f c;bP , the Gegenbauer moments
of the LCDAs and the factorization scale. Using the mixing parameters in (2.37) as our












1 + 0:22aq2 + 0:22a
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The small imaginary parts of O(s) can be neglected, since they do not contribute to the
decay rates at NLO in RG-improved perturbation theory. The parameters fq, fs and '
used to compute these values come with uncertainties, which we did not take into account
in the expressions above for readability. We demonstrate their eect by looking only at
the leading terms, for which we nd
ReF = NLO
 
16:3 1:5'  1:0fq  1:6fs

MeV + : : : ;
ReF0 = NLO
 
86:5 0:3'  0:8fq  2:0fs

MeV + : : : :
(3.2)
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and the parametric uncertainties in the leading terms read
ReF = NLO
 
6:3 2:4'  1:4fq  1:7fs

MeV + : : : ;
ReF0 = NLO
 
98:0 +0:1 0:2 '  1:2fq  1:9fs

MeV + : : : :
(3.4)
A comparison of relations (3.1) with (3.3), and (3.2) with (3.4) reveals a very strong
sensitivity of the form factor F to the employed mixing parameters. The results for F0
are more stable, but the dierence between the central values shown in (3.2) and (3.4)
is still much larger than the parametric uncertainties within each parameter set. Since
the dominant contributions to the form factors are proportional to the avor-singlet decay
constants fudsP , the large variations of f
uds
P observed earlier translate directly into variations
of the form factors. A future precise measurement of the Z !  branching ratio could
thus give important insights on the correct values of the FKS parameters. In the above
expressions we have quoted the dependence of the form factors on the intrinsic charm and
bottom content separately. They are contained in the parameters P  0:36f cP + 0:32f bP ,
for which we obtain    0:45 MeV and 0   1:2 MeV. These eects are rather small
numerically.
The contributions from the gluon LCDA to the form factors are important. For the 0
meson the coecients of the gluon Gegenbauer moments b2 and b4 are signicantly larger
than those of the quark Gegenbauer moments of the same order. In the case of the 
meson the individual quark Gegenbauer moments come with large coecients, but there
are large cancellations between the terms involving aqn and asn with the same n. If one
assumes SU(3) avor symmetry as in [31], then the contributions of the quark and gluon
Gegenbauer moments at the same order come again with similar coecients, but obviously
SU(3)-breaking corrections could have a large impact. If future theoretical eorts based
on lattice gauge theory or rened QCD sum rules can provide a better control of the
Gegenbauer moments of the quark LCDAs, then both decay channels could potentially

















Model (i) (ii) (iii) (iv) (v) (vi)
Br(Z ! ) 0:16 0:05 0:17 0:05 0:16 0:05 0:11 0:03 0:10 0:03 0:010 +0:014 0:010
Br(Z ! 0) 4:70 0:23 4:77 0:24 4:73 0:24 3:43 0:17 3:08 0:15 4:84 0:23
Table 4. Central values of the Z ! (0) branching ratios in units of 10 9, obtained using
six dierent models of hadronic input parameters, see table 3. Models (i){(v) use the mixing
parameters in (2.37), while model (vi) uses those in (2.38). We take NLO = 0:89 to account for
NLO evolution eects.
Compared with the signicant hadronic uncertainties we have encountered, the pertur-
bative uncertainties of the form factors as estimated from scale variations are very small.
We illustrate this by showing the scale uncertainties of the dominant terms in (3.1) obtained










(1 0:01) +  0:22+0:00 0:01 aq2   (0:22 0:00) as2 +  0:46+0:00 0:02 b2 + : : : i :
(3.5)
In light of the large parametric uncertainties and the estimated size of NLO evolution
eects, we nd that the scale uncertainties have a negligible impact on our predictions.
Given our results for the form factors FP , the Z ! P branching ratios are obtained as
Br(Z ! P) = mZ
6v2 Z
jFP j2 ; (3.6)
where  = 1=137:036 is the electromagnetic ne structure constant evaluated at q2 = 0,
 Z = 2:4955 GeV is the Z-boson width, and v = 245:36 GeV is the Higgs vacuum ex-
pectation value [22]. Table 4 shows our predictions for the Z ! (0) branching fractions
obtained using the hadronic parameters corresponding to the six models collected in table 3
along with NLO = 0:89. For each model the parametric errors have been added in quadra-
ture. The sensitivity of the branching ratios to the hadronic input parameters opens up
the possibility of probing these parameters using the decays Z ! (0). This is particu-
larly interesting since the dierent LCDA parameters from table 3 are all obtained from
ts to the same low-energy experimental data, but still dier a lot from each other de-
pending on the assumptions and methods used to perform these ts. Owing to the very
large value Z  mZ of the factorization scale inherent to Z ! P decays, the analysis
of these processes is much cleaner theoretically and less aected by uncertainties due to
power corrections or higher-order perturbative corrections.
The branching ratios we obtain are of similar magnitude as those for the corresponding
decays to light vector mesons found in [11], e.g. Br(Z ! )  4:210 9 and Br(Z ! ) 
8:6  10 9. A future high-luminosity e+e  collider operating at the Z pole could produce
samples of about 1012 Z bosons per year [43]. This would yield at best O(150) events
in the Z !  channel and O(4500) events in the Z ! 0 channel without considering


















We have presented a detailed analysis of the rare radiative decays Z !  and Z ! 0
within the QCD factorization approach, working at NLO in RG-improved perturbation
theory. In particular, we have included the additional contributions that arise since the
nal-state mesons  and 0 contain a avor-singlet component in their wave function,
which can be formed from a two-gluon state. We have derived the corresponding QCD
factorization formula in the framework of SCET, generalizing the derivation presented
in [11] to the avor-singlet case. In the presence of the gluon contribution the scaling
behavior of the hadronic matrix elements is changed, because quark and gluon LCDAs
mix under renormalization. This complicates the resummation of large logarithms. Since
the avor singlet is composed of a dierent number of dynamical quark avors at the high
scale   mZ compared to the low hadronic scale   1 GeV, the singlet and nonsinglet
matrix elements need to be rearranged when crossing quark avor thresholds, giving rise
to non-trivial matching conditions. Also, the intrinsic charm and bottom content of the
(0) mesons gives rise to non-trivial eects.
Many of the hadronic input parameters needed for a phenomenological analysis of
our calculations are not yet well determined. In the literature, these parameters have been
obtained from dierent approaches leading to sometimes quite dierent results. Considering
a set of six benchmark models obtained in [31, 33], the values we obtain for the Z ! 
branching ratio range from 0:1  10 10 to 1:7  10 10, while those for the Z ! 0 branching
fraction vary between 3:1 10 9 and 4:8 10 9. We nd that especially the Z !  channel
is very sensitive to the  0 mixing parameters, so that a measurement of this decay mode
could be used to favor one particular set of mixing parameters over another. A similar
statement can be made with regard to the dierent sets of LCDA shape parameters. While
all models in table 3 seem to give consistent descriptions of the  ! (0) transition
form factors, we nd that some of them give rather distinct predictions for the Z ! (0)
branching ratios. Measurements of these rare radiative Z-boson decays could thus be
used as complementary information to attain a better control over the hadronic matrix
elements describing the  0 system. If in the future the quark LCDAs and meson mixing
parameters can be determined more accurately, using more precise low-energy data and
advanced theoretical tools such as lattice gauge theory, a study of the Z ! (0) decay
modes at a future lepton collider would provide a very good opportunity to directly access
the Gegenbauer moments of the gluon LCDA in a theoretically clean environment.
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The explicit expressions for the kernel functions dened in (2.16) are [15{18]
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= F (x; y)  (x  y)
Z 1
0
dz F (z; y) : (A.2)
At leading order in RG-improved perturbation theory, the explicit solution for the evolution
matrix USn (1; 2) in (2.30) is given by [15{18]























































































Here n are the eigenvalues of the one-loop anomalous-dimension matrix. The correspond-
ing solution of the evolution function Un(1; 2) is much simpler and reads
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